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We propose a Lagrangian formulation for a varying G Newtonian-like theory inspired by the
Brans-Dicke gravity. Rather than imposing an ad hoc dependence for the gravitational coupling,
as previously done in the literature, in our proposal the running of G emerges naturally from the
internal dynamical structure of the theory. We explore the features of the resulting gravitational
field for static and spherically symmetric mass distributions as well as within the cosmological
framework.
I. INTRODUCTION
Physics is based on a set of fundamental constants that
determine the regime of applicability of its different ar-
eas. While the gravitation phenomena is associated to
the constant G, quantum mechanical effects are related
to the Planck’s constant ~, the speed of light c refers
to relativistic effects and thermodynamic processes are
linked to the Boltzmann constant kB . When two or more
of such constants appear in an equation one identifies its
regime of applicability e.g., relativistic quantum mechan-
ics makes use of ~ and c. By including G to the latter
analysis one faces typical quantum gravity effects. The
study of the black hole thermodynamics as a quantum
effect appearing in gravitational systems should contain
all constants mentioned above.
Although G has been the earliest constant introduced
in a physical theory, its value is the least accurate in
comparison with the other constants. Up to date G mea-
surements still have uncertainties of order of 10−4 [1–3].
This is deeply related to the fact that any Cavendish-
like experiment can not be fully isolated from exterior
interactions due to the universal behavior of gravity.
Even though the discussion of a time varying G has
been introduced by Milne in 1935 [4], the possibility of
a variable gravitational coupling is usually attributed to
Dirac, motivated by the supposed coincidence appearing
when combining physical constants [5, 6]. Considering
the ratio between the electric and gravitational forces at
atomic scale, one has
Fg
Fe
= 4pi0
Gmpme
e2
∼ 10−40, (1)
where mp and me are the masses of proton and electron,
respectively, e is the fundamental electric charge and 0
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the vacuum permittivity. Defining an atomic time scale
tA = e
2/4pi0mec
3 ∼ 10−23 s, and comparing it with the
universe’s age, associated with the Hubble constant such
that tH = H
−1
0 ∼ 1, 7× 1017 s, it is once again obtained,
tA
tH
∼ 10−40. (2)
Another coincidence pointed out by Dirac is that a
specific combination of G, c, ~ and H0 gives the pion
mass, namely (
~2H0
Gc
) 1
3
∼ mpi. (3)
A detailed discussion of such coincidences is found in
Ref. [7]. Relation (3) is the source of the original ar-
gument used by Dirac. If expression (3) really express
some fundamental aspect of nature, in order to admit
G as function of time, other fundamental constant must
vary. The natural choice is to assume that H0/G remains
constant along universe lifetime. Once that H0 ∼ t−1 the
same time behaviour should apply to G, i.e. G ∝ t−1.
Albeit Dirac’s argument is not as solid as one would
expect, it opened room for researchers to investigate the
nature of physical constants and whether they are truly
invariant quantities. Since then, many theoretical pro-
posals to describe gravity with a variable coupling has
emerged, with scalar-tensor theories being the most fa-
mous ones (see, for instance, Ref. [8]). In the 1970s the
possibility of a varying G was discussed in the geophys-
ical context to explain a possible expansion rate of the
Earth [9]. Notwithstanding, most theories violating the
strong equivalence principle will probably result in a time
variation of its coupling constant [10]. It is clear that,
any model with a varying G must be consistent with ex-
periments, with current strongest constraint being about
G˙/G . 10−13 yr−1 [11]. The search for tiny variations
of physical constants is a very active field and some at-
tempts include Refs. [12–17]
Essentially, all proposals of a varying G coupling
are formulated within the relativistic/covariant context.
There is no consistent Newtonian theory admitting a
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2varying G. The reason for that lies essentially on the
non-trivial definition of energy conservation and issues
related to invariance under Galilean transformations. At-
tempts to construct a Newtonian cosmology based on
time-varying G include contributions by Landsberg &
Bishop [18] and McVittie [19] (see also Ref. [20]). So-
lutions of the McVittie proposal have been explored in
Ref.[21]. The main idea behind both approaches is to
replace G by G(t) at the dynamical equations level of
the theory. Consequently, one still needs some ansatz for
G(t), usually assuming a power-law dependence G ∝ tn.
Consequently, the evolution of the gravitational coupling
is not obtained from a more fundamental aspect of the
theory, but imposed by hand, instead. To the best of our
knowledge there is no varying G Newtonian gravity for-
mulated from the classical Lagrangian formalism. This
is the gap this work aims to fulfil.
Brans & Dicke elaborated a very elegant prototype of a
covariant scalar-tensor gravitational theory in which the
gravitational coupling is a regular function of the scalar
field φ [22]. Therefore, the dynamical evolution of the
scalar field naturally induces the running of the gravi-
tational coupling. Inspired by the Brans-Dicke covariant
theory, here we propose a gravitational Lagrangian yield-
ing to a varying G theory.
Of course, one can ask about the meaning of a
Newtonian-type theory with a varying G. The answer
can be given in many different ways. First, the prob-
lem in itself is interesting since it can shed light on the
specificity and the structure of the Newtonian theory of
gravity, the oldest scientific theory to describe the gravi-
tational phenomena, which has been very successful until
the emergence of the general relativity theory. We must
recall that many phenomena in small scales (scales of
the solar system, stars, galaxy, cluster of galaxies, etc)
can be treated using the Newtonian framework. In this
sense, if G is not constant it is important to have a New-
tonian theory incorporating this fact. It is important to
remember that most of the tests on the constancy of G
are done using systems for which the Newtonian approx-
imation is valid. Moreover, many numerical simulations
in cosmology employ the Newtonian framework, and it is
important to have an alternative with a varying G.
We start by reviewing the standard gravitational La-
grangian within the Newtonian theory in Section II. It is
also discussed the consequences for a static and spheri-
cally symmetric source with a constant matter density,
as well as the cosmological background cases. These shall
be useful for further comparison with results obtained in
Section III where we present our Brans-Dicke inspired
varying G Newtonian gravity theory.
II. THE STANDARD NEWTONIAN GRAVITY
The Poisson equation of the Newtonian theory of grav-
ity can be obtained from the Lagrangian,
L = ∇ψN · ∇ψN
2
+ 4piGρψN, (4)
where ρ is the matter density, ψN is the Newtonian grav-
itational potential and G is the gravitational coupling.
Inserting this Lagrangian in the Euler-Lagrange equa-
tion,
∇ · ∂L
∂∇ψN −
∂L
∂ψN
= 0. (5)
the Poisson equation is directly obtained,
∇2ψN = 4piGρ. (6)
For a point mass, Poisson’s equation implies that the
gravitational force depends on the inverse square of the
distance between the position of the source and a test
particle.
A. Static and spherically symmetric solution for a
homogeneous mass distribution
Let us review a very simple application of the Poisson
equation: the computation of the gravitational potential
of a homogeneous sphere of radius R and mass M , with
a constant density ρ0, i.e.,
ρ = ρ0, for 0 < r ≤ R, (7)
ρ = 0, for r > R. (8)
For the exterior region r > 0, the solution reads
ψN(r) = A+
B
r
, (9)
where A and B are arbitrary integral constants. Setting
the gravitational potential to vanish at infinity, as usual,
will lead to A = 0. In the interior region 0 < r ≤ R, Eq.
(4) reduces to,
ψ′′N + 2
ψ′N
r
= 4piGρ, (10)
with the upper prime indicating a derivative with respect
to r. The solution of the above equation is given by,
ψN(r) =
4piGρ0r
2
6
+ C +
D
r
, (11)
with C and D being integral constants. The regularity of
the potential at the origin demands that D = 0. More-
over, junction conditions at r = R leads to B = −GM
and C = −3GM/2R, after using that ρ0 = 3M/4piR3,
where M is the total mass of the source. The final solu-
tion reads,
ψN(r) =
GMr2
2R3
− 3GM
2R
, for 0 ≤ r ≤ R, (12)
ψN(r) =− GM
r
, for r > R. (13)
3B. Cosmology in the standard Newtonian theory
In order to study a cosmological scenario using New-
tonian theory the most direct approach is to consider the
universe as a homogeneous and isotropic expanding self-
gravitating fluid [23, 24]. Hence, the fundamental set
of equations is formed by the continuity equation (ex-
pressing the conservation of matter), the Euler equation
(Newton’s second law expressed in a convenient way to
study fluids) and the Poisson equation,
∂ρ
∂t
+∇ · (ρ~v) = 0, (14)
∂~v
∂t
+ ~v · ∇~v = −∇p
ρ
−∇ψN, (15)
∇2ψN = 4piGρ. (16)
The density ρ and the pressure p depend only on time.
In order to take into account the cosmological expand-
ing background via the Hubble-Lematre law, the velocity
field is written as,
~v =
a˙
a
~r, (17)
where a is a given function of time, which in the rela-
tivistic context represents the scale factor.
For the pressureless case, mimicking a cosmological
matter dominated epoch, the above equations have the
following solutions,
ρ = ρ0 a
−3, (18)
a(t) = a0 t
2/3, (19)
with a0 being a constant. These solutions are equivalent
to the ones obtained with Einstein’s general relativity for
in the case of a universe filled with pressureless matter
[7].
III. NEWTONIAN THEORY WITH VARIABLE
G
Now, we want to design a classical theory with varying
gravitational coupling. Of course, the proposed theory
intends to result in a consistent scenario for typical self-
gravitating systems e.g., cosmology, stars, etc. Inspired
by the Brans-Dicke recipe to construct a relativistic grav-
itational theory with a varying gravitational coupling, we
propose the following Lagrangian:
L = ∇ψ · ∇ψ
2
− ω
2
(
ψ
σ˙2
σ2
−c4∇σ ·∇σ
)
+4piG0ρσψ. (20)
Once we are now about to have a varying-G theory, we
define G0 to represent a truly constant term. In some
sense the Lagrangian above corresponds to the Newto-
nian version of the relativistic Brans-Dicke theory (in
Einstein’s frame). The constant c appears in this La-
grangian for dimensional reasons. This does not mean
this is a relativistic theory since this Lagrangian is in-
variant under the Galilean group transformations.1
Applying the Euler-Lagrangian equations of motion,
∇ · ∂L
∂∇ψ −
∂L
∂ψ
= 0, (21)
d
dt
∂L
∂σ˙
+∇ · ∂L
∂∇σ −
∂L
∂σ
= 0, (22)
the following equations are obtained:
∇2ψ + ω
2
(
σ˙
σ
)2
= 4piG0σρ, (23)
c4
σ
ψ
∇2σ − d
dt
(
σ˙
σ
)
− ψ˙
ψ
σ˙
σ
=
4piG0σρ
ω
. (24)
The over-dot indicate total time derivative, which assures
to the resulting equations an invariance with respect to
Galilean transformations. Equations (23)-(24) show ex-
plicitly that the effective gravitational constant is given
by G0σ. As we will verify later, the standard Newtonian
limit is recovered when σ is constant and ω →∞. These
same conditions lead Brans-Dicke theory to general rela-
tivity.
A. Static and spherically symmetric solution for a
homogeneous mass distribution
Even if the set of equations (23) and (24) can not be
trivially solved one might expect that the they lead to a
modification of the usual Newtonian gravitational force.
We can have a more clear picture of such deviation by
studying the static spherically symmetric mass distribu-
tion with constant density as it has been carried out in
the previous section.
By considering a static sphere of radius R with con-
stant density ρ0 and assuming henceforth that ω > 0 (we
comment on the ω < 0 case at the end of this section)
the equations (23) and (24) reduce to,
∇2ψ = 4piG0ρ0
c2
√
ω
σ˜, (25)
∇2σ˜ = 4piG0ρ0
c2
√
ω
ψ, (26)
with σ˜ = c2
√
ω σ. These equations can be combined such
that,
ψ∇2ψ − σ˜∇2σ˜ = 0. (27)
1 At this level, the introduction of the velocity of light, dictated by
dimensional reasons, may be viewed as a consequence of another
classical theory, the electromagnetism, with its two fundamental
constants, the electric permittivity 0 and magnetic permeability
µ0 in vacuum which is understood as the absence of usual atomic
matter.
4One possible solution is,
σ˜ = ±ψ ⇒ σ = ± ψ
c2
√
ω
. (28)
We will chose the upper sign in relations (28). Then,
Eq. (25) becomes a homogeneous modified Helmholtz
equation,
∇2ψ − k2ψ = 0, (29)
where we have defined,
k2 =
4piG0ρ0
c2
√
ω
. (30)
Note that, in the exterior region r > R, where k = 0, we
continue to have a Laplace’s equation. Then, the solution
is the same as in the Newtonian standard case,
ψ = A+
B
r
. (31)
For the interior mass distribution r < R, the general
solution of (29) is given by,
ψ =
1√
r
{
CK1/2(kr) +DI1/2(kr)
}
, (32)
where Kν(z) and Iν(z) are the modified Bessel functions
of first and second rank, respectively. The functionKν(z)
is singular at the origin and it must be discarded, thus
we set C = 0. Moreover, remark that
I1/2(z) =
√
2z
pi
sinh z
z
. (33)
Imposing the matching conditions at r = R, it comes
out,
D =
−B√kpi/2
kR cosh(kR)− sinh(kR) , (34)
A =
−kB
kR− tanh(kR) . (35)
Note that, with A 6= 0, one would have a gravitational
potential that does not vanish at infinity. However, the
dynamical equation (27), together with the ansatz (28),
is invariant under the transformations ψ → ψ + λ and
σ˜ → σ˜ + λ, with λ a constant. One can then work with
λ = −A to obtain the following configuration for the
gravitational potential,
ψ(r) = − G0M k
kR cosh (kR)− sinh (kR)
[
cosh(kR)− sinh (k r)
k r
]
, for r < R, (36)
ψ(r) = −G0M
r
, for r ≥ R. (37)
In the above expressions we have already make the identi-
fication B = −G0M , such that the exterior gravitational
force, acting on a test particle, matches the Newtonian
one. This is a general property for any static vacuum
configuration, since (23) always assume a Laplace’s equa-
tion when the ψ and σ are time independent and ρ = 0.
Thus, this varying-G Newtonian theory introduces effec-
tive modifications only inside matter.
However, the Yukawa-like potential for the interior so-
lution is a particular behavior for the constant matter
density configuration. When ρ is a function of spatial
coordinates, Eq. (29) will not be a Helmholtz equation
anymore. One thus need to investigate more realistic star
configurations in order to better understand the modifi-
cations brought by this model. We leave this for a future
work. Even so, for this simplistic model, one would not
expect great deviations from the Newtonian interior po-
tential. This because k would be a typical small quantity.
In fact, one can write,
kr ∼ 10
−2
ω1/4
√
M/M
R/R
( r
R
)
, (38)
where M and R are the mass and radius of the Sun.
It is then possible to estimate that significant deviations
would only appear for (constant density) star configura-
tions having,
M/M
R/R
& 104
√
ω. (39)
Thus, for very compact objects and small values of ω
there could appear departures from the standard New-
tonian physics inside matter regions. Assuming that
kR  1, one can verify that expression (36) tends to
the Newtonian potential,
ψ(r<R) ≈ ψN(r<R) +O(k2). (40)
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FIG. 1: Dependence of the cosmological parameters α and β with ω taking the positive branch in solution (51).
Horizontal dashed line in left top panel denotes the value α = 2/3.
One can expect then that a small discrepancy occurs near
the origin for small ω values.
For ω < 0 relation (28) is not valid anymore. How-
ever, Eqs. (25) and (26) can be combined leading to a
fourth order differential equation which admits solutions
in terms of a combination of trigonometric and hyper-
bolic functions. By choosing a regular solution near the
origin it is possible to show that similar restrictions to
(39) are found. Therefore, both cases are essentially the
same.
B. Cosmology in the varying G Newtonian gravity
Let us turn now our attention to the cosmological case.
Since a spatial dependence of σ would be inconsistent
with a pure time dependence of the density ρ, see Eqs.
(23)-(24), we also assume a temporal dependence for σ.
A pure time dependent σ is also in agreement with the
original Dirac’s proposal. On the other hand, as in the
cosmological set using standard Newtonian theory, the
gravitational potential is considered to be a function of
both time and spatial coordinates. Under these condi-
tions the dynamical equations become,
∇2ψ + ω
2
σ˙2
σ2
= 4piG0σρ, (41)
d
dt
(
σ˙
σ
)
+
ψ˙
ψ
σ˙
σ
= −4piG0σρ
ω
. (42)
While the Poisson equation (41) remains the same
compared with the static case, the equation for the dy-
namical evolution of σ is different. From (41), one can
write
ψ =
4piG0σρ
6
r2 − ω
12
σ˙2
σ2
r2. (43)
Let us look for power law solutions under the form,
a = a0t
α, σ = σ0t
β , (44)
with α, β, a0 and σ0 constants. From the conservation
law we have, as in the Newtonian standard case,
ρ = ρ0a
−3. (45)
By considering power law solutions for ψ and taking into
account Eq. (43), the potential ψ must take the form,
ψ =
ψ0
t2
, (46)
where,
ψ0 =
4piG0ρ0σ0
6a30
− ω
12
β2. (47)
For the same reason, the coefficients α and β must obey
the relation,
β = −2 + 3α. (48)
As expected, it is worth noting that for α = 2/3 (mim-
icking a cosmological dust matter expansion phase) one
finds β = 0, i.e., the gravitational coupling becomes con-
stant.
Let us take into account the Euler equation with ψ
giving by (46) and expressing the velocity field according
to the Hubble-Lematre law we obtain,
a¨
a
= −4piG0σρ
3
+
ω
6
(
σ˙
σ
)2
. (49)
Using the relations previously found, we find that the pa-
rameter α must obey a second order algebraic equation:(
1− 3
2
ω
)
α2 − (1− 5ω)α− 8
3
ω = 0, (50)
with solution,
α =
1− 5ω ±
√
9ω2 + 23ω + 1
2− 3ω . (51)
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FIG. 2: Dependence of the cosmological parameters α and β with ω taking the negative branch in solution (51).
Horizontal dashed line in the left panel denotes the value α = 2/3. In both panels the vertical dashed line denotes
ω = 2/3.
In Figs. (1) and (2) the dependence of parameters α
and β with ω are displayed for the two possible values of
α according to the sign in (51). It is worth noting that
the usual Newtonian limit is obtained, for the upper sign
in (51) for ω →∞, while for the lower sign it happens at
ω → −∞. Moreover, for the upper sign the gravitational
coupling always increase and α ≥ 2/3. Also α > 1 (ac-
celerated expansion) when ω < 0. For the lower sign, the
situation is more involved: for ω > 2/3, α > 1 and β > 0,
but if ω < 2/3, the gravitational coupling is always de-
creasing implying a contracting universe for 0 < ω < or
a decelerated expanding universe for ω < 0. The critical
value ω = 2/3 implies that (50) is a linear equation with
single solution α = 16/21.
IV. CONCLUSIONS
A considerable number of varying G gravitational the-
ories have been proposed along the last century. Most
of them rely upon a covariant description, spanning from
the first prototype of scalar-tensor theories, idealized by
Brans and Dicke [22], to the modern Horndeski theories
[25]. At the Newtonian level all attempts so far relied
on the ad hoc introduction of a varying G as e.g., in the
McVittie proposal [19]. This work introduces a Newto-
nian formulation for a gravitational theory in which the
variation (both temporal and spatial) of G emerges nat-
urally from the Lagrangian formalism (20).
We have found that the gravitational potential of the
proposed theory is always equivalent to the Newtonian
one in vacuum. Inside matter distributions deviations
are negligible for ordinary mass-radius rates, unless the
parameter ω assumes very small values. Our analysis has
been performed for the simplified case of a constant den-
sity spherically symmetric object and more involved con-
figurations should be studied in the near future. More-
over, the entire formalism recovers the standard New-
tonian results in the limit |ω| → ∞ and σ → constant
similarly to the covariant Brans-Dicke theory.
The cosmological framework shows a clear contribu-
tion of the variation of the field σ as seen in the modified
Friedmann equation (49). The background expansion de-
pends on the ω value converging to the Einstein-de Sitter
expansion (as in a pure dust general relativity model) in
the limit ω →∞. In special, when the gravitational cou-
pling grows with time the expansion rate is enhanced;
in particular cosmic accelerated expansion is allowed due
to the growing of the gravitational coupling. Then, al-
though not explored here, a dynamical evolution of ω
could explain the transition to the accelerated cosmolog-
ical expansion phase associated to dark energy.
The possibility of a dynamical ω parameter and its
value should be investigated in future works by studying
the stellar interior via a modified Lane-Emden equations
as well as using cosmological data.
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